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SUMMARY 
Experiments  and  analysis  of  the  penetration  of  a  gaseous  jet 
from  a  discrete  orifice  into  a  supersonic  stream  and the  associated 
interaction  with  the  external  flow  are  discussed.  Included in the 
interaction  is  the  definition of  the  shape  of  the  stand-off  shock in 
the main  flow. A governing  parameter  in  this  analysis  is  the  degree 
of  underexpansion of  the  jet  which  has  been  shown  to  be  directly re- 
lated  to  the ratio of  jet  static  pressure  to  the  pressure  downstream 
of  a  strong  disturbance  in  the  main  stream.  For  underexpanded  jets 
the  location  of  the  Mach  disk  which  is  paramount  to  the  definition 
of  the  penetration  has  been  explicitly  given.  For  matched  pressure 
injection  or  for the region of  flow  downstream of  the  Mach disk,  a 
solid  body  drag  model  has  been  revised  and  extended  to  describe  the 
penetration  into  a  supersonic  stream. 
The  study  encompassed  the  effects  of  free  stream  Mach  number, 
hole  size  and  shape  and  the  molecular  weight, Mach number,  and  pres- 
sure  of  the  injectant. An exemplary  case of the  design  of  the 
injectors 'for a  typical  supersonic  combustor  is  given. 
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e f f e c t i v e  b a c k  p r e s s u r e  = 
pu2/2 = dynamic p r e s s u r e  
rad ius  of  j e t  
r ad ius  o f  cu rva tu re  
e q u i v a l e n t  body nose  rad ius  
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velocity  in  undisturbed  air  stream 
initial  jet  velocity 
downstream  distance  from  the  injector  port 
abscissa  of  center  of Mach disk 
arbitrary  downstream  location, Eq.(19)  
normal  distance  from  the  plate  surface 
ordinate  of  Mach  disk 
ordinate  of  outer  jet  boundary 
total  displacement  of  Mach  disk, Eq.(13) 
angle of jet  incidence  and  initial  value 
CY 1 = limiting  angle  in E q .  (12) 
CY 2 = angle  of  jet  incidence  at  edge of separation  layer 
B = displaced height of shock inflection point 
Y = ratio of specific  heats 
6 = boundary layer thickness ahead of jet 
n = shock  stand-off  distance 
'ke = inlet  kinetic  energy  efficiency 
4 = (1 +F)/(l ++ Ma)
P = density 
Subscripts 
a = undisturbed  mainstream  conditions 
j = initial  jet conditions 
js = initial conditions for supersonic injection 
t = total  conditions 
OD = free  stream  conditions 
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Superscripts 
( 1 '  = conditions following normal shock in main stream 
( = conditions corresponding to sonic point in jet 
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INTRODUCTION 
I n  recent y e a r s  t h e r e  h a s  b e e n  c o n s i d e r a b l e  i n t e r e s t  i n  {he flow- 
f i e l d  produced  by  the  angular  in jec t ion  of  f lu id  ( l iqu id  or  gas) ; ' th rough 
d i s c r e t e  o p e n i n g s  i n  a w a l l  in to  an  o therwise  uni form supersonic  stream. 
P a s t  work i n   t h i s  area has been aimed primarily a t  aerodynamic control  
systems;'- '  consequently, major emphasis has been placed on the pressure 
f i e l d  produced   on   the   sur face   near   the   in jec t ion   s ta t ion .  The development 
of scramjet e n g i n e s ,  w h i c h  r e q u i r e  f u e l  i n j e c t i o n  i n t o  a supe r son ic  a i r f low,  
has underscored the importance of understanding the mechanism of j e t  pene- 
t r a t i o n  s o  t h a t  t h e  r e s u l t i n g  j e t  t r a j e c t o r y  and fue.1-air  mixing can be 
p r e d i c t e d  . 
The main  cont r ibu t ion  of  pr ior  work  on  penet ra t ion  i s  the  presen-  
t a t i o n  of r e l i a b l e  e x p e r i m e n t a l  d a t a  and c o r r e l a t i o n s  o f  v a r i o u s  i n j e c t o r  
and free-stream parameters.  Most of ten   used  are t h e  i n j e c t a n t - t o - f r e e -  
stream p r e s s u r e  and momentum r a t i o s .  7-11 These  co r re l a t ions  are based on 
d a t a  measured a t  s t a t i o n s  more than ten injector  diameters  downstream from 
t h e   i n j e c t o r   ( x / d  > 10) .  Thus,   they  provide  es t imates  of t h e   g r o s s  p e r -  
formance of t h e  i n j e c t o r s ,  b u t  t h e  r e s u l t s  a r e  i n s u f f i c i e n t  f o r  a c l e a r  
understanding of t h e  j e t  p e n e t r a t i o n  i n  t h e  n e a r  downstream region 
(x/d < 10). 
j 
j 
The a n a l y t i c a l  work has  gene ra l ly  been  r a the r  c rude ,  i nvo lv ing  
one o r  more of   the  fol lowing  untenable   assumptions:  1) t he   i n j ec t ed   f l ow 
tu rns  sha rp ly  and  then  fo l lows  the  su r face ;  2)  the  shape  of  the  turn ing  
j e t  i s  s e m i c y l i n d r i c a l ;  3) t h e  f l o w  i n  t h e  j e t  i s -  hornentropic; 4 )  mixing 
i s  ins t an taneous  a t  t h e  i n j e c t i o n  s t a t i o n  a n d  d i s s i p a t e s  t h e  t r a n s v e r s e  
j e t  momentum; 5) small d i s tu rbance  theo ry  can  p red ic t  t he  p re s su re  f i e ld ;  
6 )  t h e  j e t  acts as a r i g i d  v e r t i c a l  o b s t r u c t i o n  w i t h  some a r b i t r a r y  h e i g h t ;  
7 )  t h e  t o t a l  i n j e c t a n t  p e n e t r a n t  i s  the  he ight  of  the  f irst  Mach d i s k  
in  an  underexpanded j e t ;  and 8) t h e  t r a n s v e r s e  momentum of  the  j e t  remains 
cons t an t  . 
This  r epor t  desc r ibes  the  ana ly t i ca l  and  expe r imen ta l  work  done 
a t  APL i n  t h e  area of j e t  pene t r a t ion   ove r   t he  p a s t  th ree   years .   Por -  
t i ons  o f  t he  work have been previously described i n  a b r i d g e d  forms 
(Ref. 12-19) .  
ANALYSIS 
JET TRAJECTORY  ANALYSIS 
The i n t e r a c t i o n  of a secondary j e t  and subsequent  dispers ion 
i n t o  t h e  p r i m a r y  f l u i d  i s  assumed t o  be a two-stage  process .   In   the 
p e n e t r a t i o n  s t a g e ,  t h e  j e t  r e t a i n s  i t s  i d e n t i t y  w h i l e  b e i n g  a c c e l e r a t e d  
and   tu rned   in   the   f low  d i rec t ion   of   the   p r imary   f lu id .  The second  s tage 
i s  c o n s i d e r e d  t o  be a coaxial  turbulent  mixing process  and i s  n o t  d i s -  
cussed  here in .  We s h a l l  r e t a i n  t h e  a s s u m p t i o n  t h a t  h a s  b e e n  u s e d  i n  
subsonic  ana lyses '  tha t  the  j e t  acts as some "sol id"  body that  emerges 
from the port  and i s  bent downstream by d r a g  a n d  d i s t o r t e d  i n  c r o s s - s e c t i o n  
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by p r e s s u r e  d i f f e r e n c e s  on the  f ront  and  back  faces  and  v iscous  shear .  
Two g e n e r a l  cases are c o n s i d e r e d ,  v i z . ,  t h e  "on design" case i n  which 
the  p re s su res  o f  t he  j e t  and the main stream are nearly matched, and 
the  underexpanded je t .  I n   t h e  lat ter case, t h e   t u r n i n g   a n d   d i s t o r t i o n  
of t h e  j e t  i s  preceded by a r a p i d  area expansion  and  normal  shock. The 
a n a l y s i s  f o r  t h i s  case is i d e n t i c a l  w i t h  t h e  f o r m e r  e x c e p t  t h a t  t h e  
i n i t i a l  c o n d i t i o n s  ( d e n s i t y ,  v e l o c i t y ,  c r o s s - s e c t i o n a l  area, and  angle)  
cor respond to  the  condi t ions  fo l lowing  the  normal  shock ,  and  the  he ight  
to  the normal  shock or  Mach d i s k  i s  superposed  to  the  pene t ra t ion  depth .  
The horseshoe-shaped  cross  sec t ion  of t h e  t u r n i n g  j e t  which has been 
observed e ~ p e r i m e n t a l l y ~ ' ~  i s  approximated as a n  e l l i p s e  , and the growth 
of   the  width i s  taken  from  subsonic  measurements.8 The d r a g  c o e f f i c i e n t  
on an element  of  the j e t  "body" i s  taken as t h a t  f o r  a n  i n f i n i t e  c y l i n d e r  
a t  t h e  l o c a l  a n g l e  o f  i n c i d e n c e  t o  t h e  stream."' 
Cons ide r  t he  fo rces  ac t ing  on an  in f in i t e s ima l  l eng th  ds  o f  t he  
j e t  c r o s s   s e c t i o n ,  as shown i n   F i g .  1. F i r s t ,   b a l a n c i n g   f o r c e s   a l o n g  
the  j e t  a x i s ,  
m(du/dt) = -mg s i n  a + AFA (1) 
where AF i s  the change i n  a v e r a g e  s ta t ic  p res su re  ac t ing  ove r  t he  c ros s  
s e c t i o n  i n  g o i n g  from s t o  s + ds.   Then,   balancing  forces  on an  e lement  
o f  mass m i n  a d i r e c t i o n  p e r p e n d i c u l a r  t o  t h e  a x i s ,  
D + mg cos U = mu"/R (2) 
where u = u ( s )  i s  t h e  l o c a l  j e t  v e l o c i t y  a n d  R = R ( s )  is  the  r ad ius  o f  
cu rva tu re  of t h e  j e t  c e n t e r l i n e .  Now, an  increment of time d t  i s  r e l a t e d  
t o  t h e  l e n g t h  a n d  v e l o c i t y  by d t  = ds /u ,  wh ich  can  be  subs t i t u t ed  in to  
Eq. (1). Furthermore,   ds = R d U ,  and D = cDqa(sin"a)  hds,  where h i s  t h e  
loca l  w id th  of t he  j e t  measured in  the  p l ane  pe rpend icu la r  t o  the  p l ane  
i n   t h e   s k e t c h   i n   F i g .  1. Genera l ly ,   t he   fo rces  due t o   d r a g   a n d   i n e r t i a  
are l a r g e  compared t o  g r a v i t y  f o r c e s ,  a n d  t h e  l a t t e r  c a n  be neg lec t ed .  
With th i s   a s sumpt ion   and   t he   fo rego ing   subs t i t u t ions ,  E q s .  (1) and (2) 
be c ome 
pu(du/ds) = -dF/ds ( 3 )  
da/ds = -C hq sin2a/pu2A D a  ( 4 )  
Since puA i s  the  mass flow i n  t h e  j e t ,  which remains constant a t  the  
i n i t i a l  v a l u e ,  Eq. ( 4 )  can  be  put i n  t h e  form 
When u i s  e l imina ted  from  Eq. ( 4 )  i n  t h i s  way, i t  i s  n o t  n e c e s s a r y  t o  
cons ide r  Eq.  (3 )  t o  o b t a i n  t h e  s o l u t i o n  i f  h ( s ) ,  A ( s ) ,  P ( s )  , and 
C (a) are known. The last i t e m  can  be  determined by assuming  tha t  D 
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Fig. 1 SCHEMATIC REPRESENTATION OF JET CENTERLINE TRAJECTORY 
Fig. 2 VALUES OF  THE  INTEGRAL  IN EQUATION (11) FOR VARIOUS FREE 
STREAM  MACH  NUMBERS 
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each element  of  the j e t  acts as a n  e l e m e n t  o f  a n  i n f i n i t e  c y l i n d e r  
a l i g n e d  a t  the   l oca l   ang le   t o   t he   f l ow.   Expe r imen ta l   da t a  are avail-  
a b l e  f o r  t h i s  s i t u a t i o n , 2 0  a n d  t h e  f o l l o w i n g  s i m p l i f i e d  c u r v e  f i t s  are 
taken as a n  a d e q u a t e  r e p r e s e n t a t i o n  of t h e s e  d a t a :  
CD = 1.2 + (Masin U) 7 /2  
CD = 1.06 + 1.14 (Masin M s i n  a > 1 a - 
From subsonic experiments ,' 
h = 2.25 d. + 0.22 s 
J (7 )  
Reference 8 a l s o  s u g g e s t s  t h a t  t h e  s h a p e  o f  t h e  c r o s s  s e c t i o n  be taken as 
an  e l l i p se  wi th  a r a t io  o f  ma jo r  t o  minor  axes  o f  5 t o  1. With t h i s  and 
Eq. (7) ,  t h e  A ( s )  can be determined.  from 
A ( s )  = nh2/2O ( 8 )  
Furthermore , 
h(A/A.") = r2.25 + 0.22  (s /d . ) ]   /2 .5nd 3 
J J j 
Finally,   combining  Eqs.  (9)  and  (5) ,  
dU 
dZ  2.517 P .u  
c,(u) s in2 (a) Pau: p 
- =  - . - (2.25 + 0.22 s)3 
J jd P j  
where s E s / d  , and CD(a) i s  obtained  from Eq.  (6a)  or  (6b)  for  the  appro-  
pr ia te  range  'of Ma s i n  a. The on ly  r ema in ing  unspec i f i ed  quan t i ty  is  
p(s) ,  which i n  t h i s  a n a l y s i s  i s  assumed t o  be e q u a l  t o  t h e  i n i t i a l  v a l u e  
e i t h e r  at the  j e t  o r i f i c e  o r  j u s t  downstream of the  j e t  shock for  under-  
expanded  in jec t ion   ( see   next   sec t ion) .   Us ing   th i s   assumpt ion ,  Eq. (10) 
can be i n t e g r a t e d  t o  g i v e  
The i n t e g r a l  i n  Eq. (11) i s  e v d h a t e d  by choosing a lower l i m i t  f o r  t h e  
ang le   o f   i nc idence   o f   i n t e re s t ,   s ay  10'. One t h e n   i n t e g r a t e s   f r o m   t h i s  
lower l i m i t  t o  
u = s i n  -1 -1 1 Ma 
using Eq. (6a)  and  then  from a t o  Uo using Eq. ( 6 b ) .  T y p i c a l  r e s u l t s  are 
g i v e n  i n  F i g .  2 f o r  v a r i o u s  v a l u e s  of Ma. For Ma < 0.2,  i t  i s  s u f f i c i e n t  
t o  t a k e  CD = 1.2. 
- 
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Model o f   t h e   F l o w f i e l d   f o r  - Angular Gaseous Jet  I n j e c t i o n  
I n  Fig. 3 are shown schemat i c  r ep resen ta t ions  o f  t yp ica l  f l ow-  
f i e l d s  t h a t  h a v e  b e e n  o b s e r v e d  f o r  a n g u l a r  i n j e c t i o n  o f  g a s e o u s  jets 
i n t o  a s u p e r s o n i c  f r e e  stream. There are fou r  separate cases ,   and  
the occurrence of each depends upon the size of boundary layer and 
sepa ra t ion  zone  ahead  o f  t he  in j ec to r  and  whe the r  t he  in j ec t ion  p r e s -  
s u r e  i s  matched  or  underexpanded. I n  g e n e r a l ,  a shock in  the  ma in -  
stream i s  caused by the  obs t ruc t ion  of  the  pr imary  f low by the emerging 
j e t .  I f  t h e  p r e s s u r e  rise on  the  su r face  caused  by this   shock  would 
be g rea t e r  t han  abou t  t h ree  to  one ,  t he  boundary  l aye r  w i l l  separate," 
and  an  obl ique  shock  of f  the  separa ted  reg ion  w i l l  i n t e r s e c t  t h e  s t r o n g e r  
mainstream  shock. When the   s epa ra t ion   zone  i s  small (Fig.  3a  and  3b), 
t h e  j e t  is immediately exposed to the momentum of  the  f rees t ream and 
i s  d i sp laced .  The amount  of  displacement i s ,  of   course,   dependent   on 
f low  condi t ions  (e .g . ,   p .uj2/paua2  and Ma). I n  any   event ,   the   p ressure  
f i e l d  on the per iphery o$ the emerging j e t  i s  extremely complicated.  
S i n c e  t h e  r e l a t i o n  o f  P j  t o  t h i s  p r e s s u r e  f i e l d  c o n t r o l s  t h e  i n t e r n a l  
s t r u c t u r e  o f  t h e  j e t  flow, as w e l l  as t h e  s i z e  o f  t h e  s e p a r a t i o n  z o n e  
ahead  of  ,the j e t  zone, some estimate of  the pressure f i e l d  must be 
obtained.  
Even i f  the pressure f i e l d  a r o u n d  t h e  j e t  were known i n  d e t a i l ,  
t h e r e  i s  no simple method known f o r  p r e d i c t i n g  i t s  e f f e c t  upon the  
i n t e r n a l  f l o w  i n  t h e  je t .  Some i n s i g h t  i n t o  t h i s  g e n e r a l  f l o w  s i t u a -  
t i o n  c a n  be ob ta ined  by s tudying  the  much s impler  case  of  a j e t  e n t e r i n g  
a quiescent   environment .LG~' l  The governing parameter f o r   t h e  j e t  
s t r u c t u r e  i n  t h a t  c a s e  i s  t h e  r a t i o  o f  P j  t o  t h e  "back pressure,"  
i . e . ,  Pb f o r   t h e   q u i e s c e n t  medium. With t h i s  r a t i o  and y ,  t h e  results 
of Refs. 10 and 11 can  be  used to  de t e rmine  yo and Mj,  respect ively 
(Figs .  3b  and  3d). To a p p l y  t h e s e  r e s u l t s  t o  t h e  case of a j e t  ex-  
h a u s t i n g  i n t o  a moving medium, we in t roduce  here  the  concept  of  an  
"ef fec t ive   back   pressure"  Pb . I f  t he   emerg ing   j e t  i s  viewed as a 
r o u g h l y  c y l i n d r i c a l  o b s t a c l e ,  t h e  s t a t i c  p r e s s u r e  d i s t r i b u t i o n  a r o u n d  
the  per iphery  would  be expected to  vary from a maximum a t  the forward 
s t a g n a t i o n  p o i n t  down t o  a low va lue  in  the  "base"  reg ion  behind  the  
j e t ;  Pb i s  e x p e c t e d   t o  be  somewhere  between these  xtremes.  A s  a 
c o r o l l a r y   t o   t h i s   a r g u m e n t ,   t h e r e  w i l l  be a value  of  Pb such   tha t  
t h e  s t r u c t u r e  i n  t h e  j e t  i s  a minimum. The s i t u a t i o n  i s  de f ined  as a 
"matched" p res su re  case; c a s e s   w i t h   P j  ' pb are "underexpanded". 
S t u d i e s  a t  the  Un ive r s i ty  o f  Mary land2 lY2"  ind ica t ed  tha t  t he  
ave rage  p res su re  f i e ld  a round  a cy l indr ica l  p ro tuberance  on  a f l a t  
p l a t e  i n  a supe r son ic  stream was  approximately equal  to  two t h i r d s  
o f  t h e  p i t o t  p r e s s u r e  i n  t h e  stream zPta'.21 y22 This c r i t e r i o n  i s  
used i n  t h e  p r e s e n t  work t o  s p e c i f y  m a t c h e d - p r e s s u r e  i n j e c t i o n  as t h a t  
i n  which  the s ta t ic  p r e s s u r e  of the  secondary j e t  ( P j )  e q u a l s  t h e  
e f f e c t i v e   b a c k   p r e s s u r e  Pb = $Pta'. The s t u d i e s   a l s o  showed t h a t  
f o r  t h e  c a s e  o f  u n d e r e x p a n d e d  i n j e c t i o n  t h e  d i s t a n c e  t o  t h e  f i r s t  
Mach d i s k  w a s  only weakly dependent on the height o f  t h e  s e p a r a t i o n  
zone.21 The impor tance   o f   th i s   fac t  i s  t h a t  t h e  Mach d i s k   l o c a t i o n ,   a n d  
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t h u s ,  t h e  v a l u e  o f  q j  a t  t h a t  l o c a t i o n ,  c a n  be determined with the 
knowledge  of  Pj/Pb . The t r a j e c t o r y   c a l c u l a t i o n  i s  s t a r t e d  from 
t h a t  p o i n t  f o r  a l l  cases of  underexpanded inject ion.  
S ince  the  p re s su re  rise assoc ia ted  wi th  matched-pressure  in-  
j e c t i o n  i s  s u f f i c i e n t  t o  separate the boundary layer i n  s u p e r s o n i c  
f l o w  t r a j e c t o r y ,  c a l c u l a t i o n s  f o r  t h i s  case w i l l  have t o  i n c l u d e  a n  
estimate o f  t he  d rag  in  the  sepa ra t ed  zone  and  the  sepa ra t ion  he igh t  
b.   With  these estimates and   the   assumpt ion   tha t   b /d-  = S s i n  [(a. + a 2 ) / 2 ] ,  
Eq. (11) can be s o l v e d  f o r  U2, t h e  a n g l e  o f  j e t  incidence a t  the edge 
of t h e  s e p a r a t i o n  l a y e r .  The t r a j e c t o r y  i n  t h e  f r e e s t r e a m  c a n  t h e n  be 
c a l c u l a t e d  u s i n g  t h e  j e t  i n i t i a l  c o n d i t i o n s  a n d  a 2  as t h e  i n i t i a l  a n g l e .  
E f f e c t s  o f  I n i t i a l  C o n d i t i o n s  o n  Jet  T r a j e c t o r y  
We are now i n  a p o s i t i o n  t o  e x p l o r e  t h e  e f f e c t s  o f  some simple 
v a r i a t i o n s  of i n i t i a l   c o n d i t i o n s   o n   t h e   f u e l  j e t  t r a j e c t o r y .   F i r s t ,  
cons ider   ho ld ing   p ju j2 /Paua2   cons tan t   whi le   vary ing  Ma. The r e s u l t s  
of  such a comparison are shown i n  F i g .  4 f o r  Ma = 4.0 and Ma << 1. 
The i n t e r e s f i n g ,  i f  n o t  s u r p r i s i n g ,  r e s u l t  is  t h a t  s l i g h t l y  b e t t e r  
p e n e t r a t i o n  i s  ach ieved  fo r  Ma = 4. This  behavior  can be t r a c e d  t o  
Fig.  2 ,  which  shows a l o w e r  v a l u e  o f  t h e  i n t e g r a l  i n  Eq. (11) f o r  t h e  
range 90 < a 5 18O. T h i s  r e s u l t s  i n  a steeper s lope  of t h e  c u r v e  i n  
t h i s  r a n g e .  The cause of a l l  t h i s  i s  t h a t  CD i s  lower a t  high  normal 
Mach numbers (Ma s i n a )  t h a n  f o r  t r a n s o n i c  o r  s u b s o n i c  v a l u e s ,  as e v i -  
denced by  Eq. ( 6 ) .  F i n a l l y ,  we may observe   the   e f fec t   o f  UO on  pene- 
t r a t i o n ;  r e s u l t s  f o r  a t y p i c a l  c a s e  are g i v e n  i n  F i g .  5 .  
EXPERIMENTAL  PROCEDURE AND TEST  RESULTS 
The object ive of  the experimental  program w a s  t o  s t u d y  t h e  
e f f e c t s  o f  c e r t a i n  p a r a m e t e r s  on t h e  j e t - f r e e s t r e a m  i n t e r a c t i o n ,  i . e . ,  
t h e  j e t  s t r u c t u r e  and   pene t ra t ion   in   the   near   downst ream  reg ion .  The 
v a r i a b l e s  examined were the  in j ec t an t - to - f r ees t r eam p res su re  and  momen- 
turn r a t i o s ,  i n j e c t a n t  and  f rees t ream Mach numbers, and the shape o f  a 
s i n g l e   i n j e c t i o n   p o r t .  To s i m u l a t e  t h e   d e s i g n   r e s t r i c t i o n s  imposed on 
a f u e l  i n j e c t o r  by a f i x e d  ER r e q u i r e m e n t ,  i n j e c t a n t  mass flow was he ld  
cons t an t  du r ing  the  pa rame t r i c  va r i a t ions .  
Pa rame t r i c  Var i a t ion  o f  In i ec t ion  P res su re  and  Mach  Number 
Experiments were conducted on a f l a t  p la te  mounted i n  l i n e  w i t h  
a Mach 2 .72  f r e e  a i r  j e t  (Fig.  6).  Cold H2 and N2 were in jec ted  normal  
t o  t h e  airstream f r o m  an  ax isymmetr ic  sonic  or  supersonic  nozz le  loca ted  
1 .75   in .   f rom  the   l ead ing   edge   of   the   p la te .  The s u p e r s o n i c   i n j e c t o r s  
( M j  = 1.31 ,  1.50 and  1.67)  had  10-deg.  half-angles.  Hydrogen  concen- 
t r a t i o n  p r o f i l e s  were determined by gas-sampling with a seven-point ,  
movable  sampling  rake. The samples  were analyzed  on a Beckman GC-2A 
Gas Chromatograph, and hydrogen concentration was determined by t h e  
peak  height  method.23 To ve r i fy  the  accu racy  o f  t he  ana lys i s  t he  sum 
o f  t h e  partial pressures of hydrogen and a i r  w a s  compared wi th  the  
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measured   to ta l   p ressure   o f   the   sample   before   ana lys i s .  The r m s  
d e v i a t i o n  of the  summed pa r t i a l  p re s su res  f rom the  measu red  to t a l  
p re s su re  was  0.66% and the maximum d e v i a t i o n  was 5.3%. This  com- 
p a r i s o n  i n s u r e d  t h a t  t h e r e  were no  g ross  e r ro r s  i n  the  ch romatograph  
ana lys i s .   F requen t   ca l ib ra t ions   u s ing   pu re  known g a s e s  were made t o  
de t ec t  any  con tamina t ion  o f  t he  gas  sepa ra t ion  co lumn and/or  sh i f t ing  
of t h e  s e n s i t i v i t y  o f  t h e  t h e r m a l  c o n d u c t i v i t y  c e l l  which could cause 
c o m p e n s a t i n g  e r r o r s  i n  t h e  m e a s u r e d  c o n c e n t r a t i o n s  o f  t h e  c o n s t i t u t e n t  
g a s e s  i n  a n  unknown mixture .  On the   bas i s   o f   the   foregoing   proced-  
u r e s  we be l i eve  tha t  t he  ac tua l  va lue  o f  hydrogen  mole. f r a c t i o n  o f  
any  one  sample was w i t h i n  + 2% of the  measured  value.   Pressure 
measurements were t a k e n  p e r i o d i c a l l y  i n  t h e  a i r  a n d  i n j e c t a n t  plenum 
chambers, a t  t h e  e x i t  w a l l  o f  t h e  f r e e  j e t ,  and i n  t h e  f r e e s t r e a m  by 
using  the  sampling  probe as a p i to t  p robe .  
Schl ieren photographs were t aken  on ASA 3000 P o l a r o i d  f i l m  
i n  a foca l -p l ane  camera. They were u s e f u l   f o r   a n a l y s i s   b u t ,   u n f o r -  
t u n a t e l y ,  were not  of  good enough qual i ty  to  present  for  publ ica t ion .  
For   matched-pressure   sonic   in jec t ion   (P j  = Pb) ,   t he re  was no v i s u a l  
ev idence  of  d i s turbance  wi th in  the  j e t ,  which simply turned down- 
s t r eam wi th  an  ou te r  boundary  ve ry  c lose  to  the  l i m i t  of  the M _< 1 
f low reg ion  tha t  i s  shown by the  absence  of  shocks  in  f ront  of  the  
probes.  Strong  normal  shocks (Mach d i s k s ,  similar t o   F i g .  3 )  were 
present  in  both  the  underexpanded sonic  j e t s  a n d  t h e  s u p e r s o n i c  j e t s .  
For   underexpanded  inject ion,   the   perpendicular   dis tance  f rom 
t h e  f l a t  p l a t e  t o  t h e  Mach d i s k  was scaled from the schl ieren photo-  
graphs  and  p lo t ted  vs  the  ra t io  of  j e t  t o t a l  p r e s s u r e  t o  e f f e c t i v e  
back  pressure  (Pt j /Pb)(Fig.  7 ) .  Crist e t  a l .  made a thorough  inves-  
t igat ion  of   underexpanded j e t s  i n  a q u i e s c e n t  medium.1°  They showed 
a r e l a t i o n s h i p  b e t w e e n  t h e  n o r m a l i z e d  d i s t a n c e  t o  t h e  f i r s t  Mach d i s k  
(h /d j )   and   P t j /Pa .   (For  a q u i e s c e n t  medium,  Pta = Pa o r  P,.) Sche tz ,  
Hawkins,  and Lehman2' h a v e  e x t e n d e d  t h i s  c o n c e p t  t o  i n j e c t i o n  i n t o  
supersonic  f low by p l o t t i n g  t h e  v e r t i c a l  d i s t a n c e  t o  t h e  Mach d i s k ,  
yo /d j ,   and   t he   r a t io   yo /xo   v s   P j  /Pa ' .  N o t e   t h a t   t h e   c o r r e l a t i n g  
e f f e c t i v e  b a c k  p r e s s u r e  Pb used In Ref .  10 i s  Pa '  ra ther  than $Pta '  
and  tha t  the  quant i ty  %Pa ' /P ta '  var ies  f rom 1.18 t o  1.33 f o r  y = 1.4 
and 1 .9  < Ma < 4 . 5 ,  which i s  the  Mach number range of t h e  d a t a  shown 
i n  F i g .  7 .  I f   t he   da t a   were   no rma l i zed  on t h e  Pa '  basis   they  would 
be lowered  with respect t o  t h e  c o r r e l a t i n g  l i n e  f o r  t h e  q u i e s c e n t  
medium d a t a ,  t h u s  g i v i n g  b e t t e r  c o r r e l a t i o n  w i t h  some supe r son ic  
poin ts   bu t   worse   wi th   o thers .   S ince   there  was no clear advan tage  in  
using  Pa' as the   co r re l a t ing   pa rame te r ,  we chose t o   u s e   i n  o u r  
p r e s e n t a t i o n  t o  be cons is ten t  wi th  the  concept  of  the  average  pressure  
around a c y l i n d r i c a l  o b s t r u c t i o n .  
The s t ruc tu re  o f  t he  emergen t  supe r son ic  j e t  was similar t o  
that   of   the   underexpanded  sonic  j e t .  The s u p e r s o n i c   i n j e c t o r s  were 
d e s i g n e d  t o  g i v e  t h e  same s t a t i c  p r e s s u r e  a t  d i scha rge  as the  son ic  
i n j e c t o r  f o r  a given mass f low;  thus  for  a l l  s u p e r s o n i c  i n j e c t o r s  
P j  = Pb.  With c o a x i a l   s u p e r s o n i c  streams the  pressure  balance  does 
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occur when t h e  s t a t i c  p r e s s u r e s  are matched,  and any discrepancies  
i n  f l o w  d i r e c t i o n  f rom the  present  conica l  ( ra ther  than  contoured)  
secondary j e t  are ad jus t ed  p r imar i ly  th rough  a series of  weak obl ique 
waves.  However, w i t h   t r a n s v e r s e   i n j e c t i o n   t h e   p r e s s u r e   b a l a n c e   o c c u r s  . 
when t h e  s ta t ic  p res su res  beh ind  s t rong  d i s tu rbances  in  bo th  streams 
are approximately  matched.  Whether  the  secondary j e t  i s  conica l   o r   con-  
toured i s  p r o b a b l y   r e l a t i v e l y   i n s i g n i f i c a n t .  On t h i s   b a s i s   t h e   s u p e r -  
s o n i c  i n j e c t o r s  t e s t e d  were ac tua l ly  underexpanded,  and ,  therefore ,  
the emergent jets expanded in to  the  main  f low unt i l  the  Mach number 
was such as t o  p roduce  the  e f f ec t ive  back  p res su re  a f t  o f  t he  Mach 
d i sk .  The va lues   o f   yo /d j*   for   the   supersonic  cases were from 9 t o  
30% h ighe r  than  those  fo r  unde rexpanded  son ic  in j ec t ion  wi th  an  equa l  
i n j e c t a n t   s t a g n a t i o n   p r e s s u r e .   T h e r e  was a l s o  less downstream d i s -  
placement of the Mach d isk  than  wi th  the  equiva len t  underexpanded 
s o n i c  j e t ;  h o w e v e r ,  a d d i t i o n a l  d a t a ,  p a r t i c u l a r l y  a t  h i g h e r  v a l u e s  
of M j ,  i s  r equ i r ed  to  p roduce  a c o r r e l a t i o n  of X O ,  yo ,  and  Pt j /Pb  for  
s u p e r s o n i c  i n j e c t i o n .  
The i n j e c t a n t  c o n c e n t r a t i o n  p r o f i l e s  ( F i g .  8-10) were developed 
from a b e s t  f i t  t o  t h e  e x p e r i m e n t a l  d a t a  of  the types of  concentrat ion 
p r o f i l e s  r e p o r t e d  by Zukoski and S ~ a i d . ~  
I n i e c t o r  ShaRe V a r i a t i o n s  
Two d i f f e r e n t  e x p e r i m e n t a l  s e t - u p s  were u s e d  t o  s t u d y  t h e  e f f e c t  
o f   i n d i v i d u a l   i n j e c t o r   s h a p e s  on pene t r a t ion .  The f i r s t  series of tests 
was conducted i n  a two-dimensional Mach 2 . 1  wind  tunnel.  Helium  and 
a i r  were in j ec t ed  t r ansve r se ly  f rom a f l a t  p la te ,  u s i n g  t h r e e  d i f f e r e n t  
s o n i c   i n j e c t o r   c o n f i g u r a t i o n s :  a c i r c u l a r - e n d e d ,   1 / 4 - i n .  by 1/16-in.  
s l o t  w i t h  i t s  long  ax is  a l igned  wi th  the  main  stream flow; the same 
s lo t  w i th  the  long  ax i s  pe rpend icu la r  t o  the  ma in  stream flow; and a 
0 .136- in . -d i ame te r   c i r cu la r   nozz le .  The c r o s s - s e c t i o n a l  area of   the 
c i r c u l a r   n o z z l e  was e q u a l   t o   t h a t  o f   t h e   s l o t .   I n j e c t a n t - t o - f r e e s t r e a m  
pressure r a t i o ,  i n j e c t a n t  mass f low,  and freestream Mach number were 
he ld  cons t an t ,  and  pene t r a t ion  was determined from schlieren photo- 
g raphs ,  u s ing  a i r  as the  in jec tan t ,  and  f rom gas  s a m p l e s  using He as 
t h e  i n j e c t a n t .  
The second series of tests was des igned  to  s tudy  the  j e t  
t r a j e c t o r y  i n  d e t a i l  a n d  t o  p r o v i d e  i n f o r m a t i o n  on the shape of the 
j e t  c r o s s - s e c t i o n  i n  o f f - a x i s  p l a n e s .  The experiments were r u n  i n  a 
Mach 2.7 f r e e - j e t  w i t h  i n j e c t i o n  of hydrogen from the f l a t  p l a t e  model 
shown i n  Fig. 11. The i n j e c t i o n   p o r t   d i a m e t e r  w a s  increased  from  0.14 
i n .  t o  0.20 i n .  t o  a i d  i n  t h e  v i s u a l i z a t i o n  o f  t h e  f l o w f i e l d  w i t h  
s c h l i e r e n .  The e l o n g a t e d  s l o t  i n j e c t o r  w a s  geomet r i ca l ly  similar t o  
i t s  p rev ious ly   t e s t ed   coun te rpa r t .  The important j e t  p e n e t r a t i o n  
parameters, P t j /Pb  and  q j /qa ,  were c lose ly  ma tched  in  the  two tests. 
A t  Mach 2 . 1  t h o s e  r a t i o s  were 6.5 and 3 . 5 ,  and a t  Mach 2.7 t hey  were 
5.92  and 2.8. The sampl ing  s t a t ion  was a t  x /d .  = 9.2 i n  t h e  f o r m e r  
and a t  x/d = 5 and 10 i n  t h e  lat ter.  Gas sam$les were taken a t  o f f -  
a x i s  locations wi th  a seven-poin t  probe  tha t  could  be t r a n s l a t e d  i n  
three  direct ions.   Improvements   in   gas   chromatography  techniques  and 
j 
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equipment made i t  p o s s i b l e  t o  a t t a i n  a r e p r o d u c i b i l i t y  of + 1% i n  
hydrogen  concent ra t ion  by u s e  o f  t h e  i n t e g r a t e d - s i g n a l  a n a i y s i s .  
T h i s  e x c e l l e n t  r e p e a t a b i l i t y  i s  a t t r i b u t e d  p a r t l y  t o  t h e  precise 
matching of the flow i n  t h e  two branches of the gas chromatograph, 
which w a s  achieved by maintaining pressure r e g u l a t i o n  on double 
s o n i c  o r i f i c e s  i n  e a c h  c i r c u i t .  A n o t h e r  f a c t o r  i n  t h e  improvement 
was the  use  o f  e l ec t r i ca l  i n t eg ra t ion  o f  t he  ou tpu t  f rom the  the rma l  
c o n d u c t i v i t y  c e l l  r a the r  t han  r a t io s  o f  peak  he igh t s .  
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Figure 1 2  shows sch l i e ren  pho tographs  o f  t he  pene t r a t ion  
f r o m   t h e   t h r e e   i n j e c t o r   c o n f i g u r a t i o n s .  The s ize   of   boundary  layer '  
s e p a r a t i o n  i n c r e a s e d  as t h e  d i s t u r b a n c e  i n  t h e  m a i n  stream caused 
by t h e  f r o n t a l  area of  the  secondary j e t  increased.   With  the  long 
ax is  of  the  rec tangular  nozz le  a l igned  wi th  the  mains t ream f low 
( F i g .  1 2 a ) ,  t h e  r a t i o  o f  t h e  s e p a r a t i o n  h e i g h t  t o  t h e  d i a m e t e r  o f  
t h e   c i r c u l a r   i n j e c t o r   ( b / d j >  was 0.35. The v a l u e s   o f   b / d j   f o r   t h e  
ci rcular   nozzle   (Fig.   12b)   and  for   the  rectangular   nozzle   (where 
d j  i s  now the diameter  of  a c i r c l e  of  equiva len t  area perpendicular  
t o   t h e  main stream, Fig.   12c)  were 0.56 and 0.70,  r e s p e c t i v e l y .  The 
j e t  s t r u c t u r e  w a s  a l s o  a l t e r e d  by the  shape  of  the  in jec tor ,  wi th  the  
j e t  f rom  the   l ow-aspec t - r a t io   i n j ec to r   (F ig .   12a )   be ing   t he  most  de- 
formed . 
Figure 13 i s  a no rma l i zed  sca l ed  ske tch  o f  t he  f ine  j e t  
s t ructure   deduced  f rom  each  of   the  cases  shown i n  Fig.  12.  Although 
the  shape  o f  t he  in j ec to r  s t rong ly  a f f ec t s  t he  shape  o f  t he  f ine  s t ruc -  
t u r e  of  the  underexpanded  secondary j e t  ( F i g s .  1 2  and 13), i t  does  not 
a p p e a r  t h a t  t h e  u s e  of  l o w - a s p e c t - r a t i o  i n j e c t o r s  w i l l  improve  pene- 
t r a t i o n .  A s  shown by Fig.  13, the   loca t ion   of   the   normal   shock   in   the  
j e t  ( c a l l e d  t h e  "Mach d i sk"  fo r  t he  c i r cu la r  ca se )  and  the  pene t r a t ion  
in  the near-downstream region were p r a c t i c a l l y  t h e  same f o r  t h e  t h r e e  
i n j e c t o r  s h a p e s  t e s t e d .  
Figure 14 shows the measured hydrogen concentration contours 
a t  a downstream  location of x / d j  = 5.  Except   for   minor   var ia t ions  
i n  t h e  c o n t o u r s  t h e r e  i s  very l i t t l e  d i f f e r e n c e  i n  t h e  j e t  p e n e t r a t i o n  
and l a t e ra l  spreading in  the near  downstream region.  
The pa rame t r i c  va r i a t ion  o f  i n j ec t an t  p re s su re  and  Mach number 
e s t a b l i s h e d  t h a t  t h e  n o r m a l  d i s t a n c e  t o  t h e  c e n t e r  o f  t h e  Mach d i s k ,  
o r  normal  shock, i n  the  secondary  j e t  was a f u n c t i o n  o f  t h e  j e t - t o - f r e e -  
stream pres su re  r a t io ,  wh ich  spec i f i ed  the  deg rees  L €  underexpansion 
of t he   s econda ry   j e t .  The i n i t i a l  d r a g  on the  secondary j e t ,  which 
w i l l  be determined by t h e  i n j e c t o r  s h a p e ,  w i l l  a f f e c t  t h e  downstream 
displacement   of   the  Mach d i sk  and  the  r a t io  yo /xo .  The experiments 
subs t an t i a t e  t he  a rgumen t  tha t  t he  in j ec to r  shape  w i l l  a f f e c t  t h e  s h a p e  
of the secondary j e t  s t r u c t u r e  a n d  t h e  o r i e n t a t i o n  o f  t h e  Mach d i s k ,  
bu t  the  normal  loca t ion  of  the  Mach d i s k ,  a n d  t h u s  t h e  p e n e t r a t i o n  i n  
the near downstream region are n o t  g r e a t l y  i n f l u e n c e d  by t h e  i n j e c t o r  
shape .   Fur thermore ,   s ince   the   loss  of j e t  momentum p j u j 2   a c r o s s   t h e  
normal 'shock i s  g r e a t ,  t h e  o r i e n t a t i o n  bf t h e  Mach d i sk  and  the -  d i r ec t ion  
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of  the j e t  as it c r o s s e s  t h e  s h o c k  a l s o  h a v e  l i t t l e  e f f e c t  o n  t h e  a d d i -  
t i o n a l  downstream penetration of t h e  j e t  as a whole. 
COMPARISON OF THEORY WITH EXPERIMENTAL  RESULTS 
To v e r i f y  t h e  t r a j e c t o r y  t h e o r y ,  t r a j e c t o r i e s  c a l c u l a t e d  by using 
Eq. (11) were compared wi th  the  expe r imen ta l ly  de t e rmined  concen t r a t ion  
curves.   For   the case of m a t c h e d   p r e s s u r e   i n j e c t i o n ,   q j  was e v a l u a t e d  
a t  the   po in t   o f   i n j ec t ion   and  CI = 90". The i n t e g r a l  was e v a l u a t e d  
us ing   F ig .  2 (it c a n  a l s o  be  done numer i ca l ly )   fo r  15' increments ,   and 
t h e  t r a j e c t o r y  was determined by e v a l u a t i n g  t h e  AT f rom increment  to  
i n c r e m e n t  u n t i l  t h e  f u l l  r a n g e  o f  90' was covered. 
j 
Because there was a r e l a t i v e l y  l a r g e  s e p a r a t e d  b o u n d a r y  l a y e r ,  
t he  accu racy  of t h e  c a l c u l a t e d  t r a j e c t o r y  rests h e a v i l y  on the  knowledge 
o f   t h e   d r a g   i n   t h a t   r e g i o n .   A l t h o u g h   t h e   d e t a i l s   o f   t h e   s e p a r a t e d  
r eg ion  were n o t  p r e c i s e l y  d e f i n e d ,  i t  was assumed t h a t  t h e  d r a g  o n  t h e  
secondary j e t  can  be  approximated by the  d rag  in  the  sepa ra t ed  boundary  
layer  of  supersonic  f low around a s o l i d  c y l i n d e r  on a f l a t  p l a t e ,  and an 
estimate of  CD f o r  t h e  j e t  was c a l c u l a t e d  f r o m  t h e  c y l i n d r i c a l  s u r f a c e  
p re s su re  data p r e s e n t e d   i n  Ref. 22. The assumpt ion   tha t   the   d rag  on 
t h e  f l u i d  j e t  was equa l  t o  the  d rag  on  a s o l i d  c y l i n d e r  r e s u l t e d  i n  a 
t r a j e c t o r y  t h a t  was s l i g h t l y  below the experimental ly  determined maximum 
c o n c e n t r a t i o n   l o c a t i o n s   ( F i g .  8 ) .  However, i n   t h e   a b s e n c e   o f  more d e f i -  
n i t i v e  d a t a  o n  t h e  i n t e r a c t i o n  of  the j e t  and  the  separa ted  f low,  i t  i s  
s u i t a b l e   f o r  a conse rva t ive  estimate of   the  j e t  t r a j e c t o r y .  I n  t h e  more 
pract ical  cases o f  j e t  pene t ra t ion ,  such  as the  des ign  of  a f u e l  i n j e c t o r ,  
i t  may no t   be   poss ib l e   t o   measu re   t he   s epa ra t ion   he igh t .   The re fo re ,  a 
c a l c u l a t i o n  t h a t  estimates the  e f f ec t  o f  t he  sepa ra t ed  boundary  l aye r  
o n  t h e  t r a j e c t o r y  of t h e  j e t  bu t  i s  based only on freestream c o n d i t i o n s  
i s  d e s i r a b l e .  To provide  such a c a l c u l a t i o n ,  we compared CD f o r  t h e  j e t  
as it pene t r a t ed  a d i s t a n c e  e q u a l  t o  b i n  a stream with no boundary 
l a y e r ,  CD = f (Ma, a )  as i n  t h e  f o r e g o i n g ,  a n d  CD f o r  t h e  s e p a r a t e d  
zone .   S ince   the   d rag   for   the  j e t  i n   t h e   f r e e s t r e a m  i s  l a r g e r   t h a n   t h e  
d r a g  i n  t h e  s e p a r a t e d  b o u n d a r y  l a y e r ,  t h e  p e n e t r a t i o n s  i n  t h e  two cases 
can be made e q u a l  i f  t h e  f r e e s t r e a m  t r a j e c t o r y  i s  v e r t i c a l l y  d i s p l a c e d  
s u c h  t h a t  t h e  f r e e s t r e a m  d r a g  times t h e  v e r t i c a l  d i s t a n c e  o v e r  w h i c h  i t  
acts i s  e q u a l  t o  t h e  s e p a r a t i o n  zone  drag times t h e  s e p a r a t i o n  h e i g h t .  
Fo r  the  expe r imen ta l  da t a  shown i n  Fig.  8 ,  t h e  o f f s e t  d i s t a n c e  ( f o r  
which CD = 0) t h a t  was r e q u i r e d  t o  make the  comple t e ly  inv i sc id  t ra-  
j e c t o r y  c o i n c i d e  w i t h  t h e  t r a j e c t o r y  shown was twice the  compress ib l e  
f low boundary-layer  thickness  as c a l c u l a t e d  by Pai24 and Eckert  and 
Drake."'  Thus, i n   t h i s   p r o c e d u r e   t h e   t r a j e c t o r y   f o r   i n j e c t i o n   i n t o  
a comple t e ly  inv i sc id  f r ees t r eam i s  c a l c u l a t e d ,  t h e n  i t  i s  d i sp laced  
upward a v e r t i c a l  d i s t a n c e  e q u a l  t o  twice the compressible  f low boundary 
l aye r  t h i ckness .  
To ca l cu la t e  t he  t r a j ec to ry  o f  an  unde rexpanded  j e t ,  t he  loca -  
t i o n  o f  t h e  Mach disk (XO, yo)  was determined from the experimental  
c o r r e l a t i o n s .  The normal   displacement   yo  was  taken  direct ly   f rom  Fig.  7 
and the rat io  of  normal  to  downstream displacement  yo/x0 = 1, was  used 
in   acco rdance   w i th   t he   da t a   f rom  Ref s .  13 and  21 shown i n  F i g .  1 5 .  The 
t o t a l  d i s p l a c e m e n t  z , was ca lcu la ted  f rom the  assumpt ion  
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2 = (x + yo2)B 
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The Mach number upstream of t h e  Mach d i s k  was ca lcu la ted  f rom 
With t h i s  Mach number, q on the  downstream  s ide  of   the Mach d i s k  was 
ca l cu la t ed  f rom the  no rma l  shock  equa t ions ,  t hen  the  j e t  t r a j ec to ry  
downstream  of  the Mach d i s k  was ca l cu la t ed  f rom Eq. (11) .  The proce- 
d u r e  f o r c a l c u l a t i n g  t h e  t r a j e c t o r i e s  of the  supersonic  j e t s  was t h e  
same,  except  that  the actual  measured values  of  x0  and yo were  used,  and 
the  l eng th  of t he  supe r son ic  po r t ion  of t he  nozz le  was inc luded  in  yo .  
The t r a j e c t o r i e s  f o r  u n d e r e x p a n d e d  j e t s  c a l c u l a t e d  on t h i s  b a s i s  
a r e  c h a r a c t e r i z e d  by a r a p i d  p e n e t r a t i o n  t o  a poin t  where  the  Mach d i s k  
occurs   and  sharply  reduces  q ,   fol lowed by a g r a d u a l   i n c r e a s e   i n   p e n e -  
t ra t ion  tha t  occurs  downst ream of  the  Mach d i s k  i s  due t o  t h e  low v a l u e  
o f   q / q a   i n   t h i s   r e g i o n .  
The loca t ion  o f  t he  Mach d i s k  and  the  r e su l t i ng  loss  of energy 
i s  a s t r o n g   f u n c t i o n  of P t j /Pb .  The method  of c a l c u l a t i n g  t h e  t r a j e c t o r y  
for  underexpanded je ts  and supersonic jets downstream from the Mach d i s k  
r e s t s  h e a v i l y  on the  p rev ious ly  desc r ibed  ex tens ion  of t h e  c o r r e l a t i o n  
of z v s  M j  (Eq.  14) i n   t h e   q u i e s c e n t  medium to   t he   ca se   hav ing   ex te r -  
na l   f l ow.   In s t r eam  p i to t   and   s t a t i c   p re s su re   measu remen t s   i n   t he   r eg ion  
of t h e  Mack d i s k  a r e  n e e d e d  t o  a s c e r t a i n  t h e  v a l i d i t y  of t h i s  method. 
Comparison of Some P e n e t r a t i o n  C o r r e l a t i o n s  
Two types   o f   exp res s ions   fo r   j e t   pene t r a t ion   were   found ,  one 
based on t h e  t r a j e c t o r y  of maximum i n j e c t a n t  c o n c e n t r a t i o n ,  and t h e  o t h e r  
based on t h e   t r a c e  of the  outer   boundary of t he   j e t .   Equa t ion   (11 )  and 
the   fo l lowing   equat ions   (15-17)   a re  of the  former  type,   whereas  Eq. (18) 
i s  Of t h e   l a t t e r   t y p e .   F i g u r e s  16  and 17 compare   these   cor re la t ions   wi th  
data  f rom two of  our tes ts  with underexpanded hydrogen inject ion into a 
Mach 2 . 7 2  a i r s t r e a m .  Thus 
y/d = [ ( q j / q a )  x / d j I  0.394 
j 
y/d = 1.64  [q.M  /q M . ) c o ~ ~ a . ~ ~ * ~ ~ ~ ( x / d . )  -0.259 
j J a   a J  J J 
(Ref.  8)  (15) 
(Ref. 8) (16) 
(Ref.  9)  (17) 
(Ref.  9)  (18) 
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Equations (15) and (16), which were developed for  a subsonic  
main flow, '  agree reasonably well w i th  the  expe r imen ta l  va lues  fo r .  
x / d j  5 8 bu t  l ead  to  un reasonab ly  l a rge  pene t r a t ions  f a r the r  downs t r eam.  
The va lues  of  the  exponent  on ( q j / q a )  i n  t h e s e  f o r m u l a s  are s a t i s f a c t o r y  
f o r  s u p e r s o n i c  f l o w  (shown by the  co r re spondence  o f  t he  t r a j ec to r i e s  a t  
x / d j  = l . O ) ,  but  the values  of  the exponent  on (x/dj)  are too  h igh;  they  
p red ic t  t he  s lowly  inc reas ing  pene t r a t ion  typ ica l  of subsonic  f low ra ther  
t h a n  t h e  r a p i d  p e n e t r a t i o n ,  q u i c k  t u r n i n g ,  a n d  f l a t  t r a j e c t o r y  o f  t h e  
secondary j e t  i n  a supe r son ic  f r ees t r eam.  
Equat ion (17)  a l s o  w a s  based on d a t a  far downstream, (x/d; = 7 . 5  t o  
72 ) .  The negat ive  exponent   on  (x/dj)   a t tempts   to   account   for   the  unsymmetr ic  
mixing  tha t  occurs  in  th i s  fa r  downst ream region  and  causes the  maximum 
c o n c e n t r a t i o n  t o  s h i f t  t o w a r d  t h e  f l a t  p la te .  The c o r r e l a t i o n  i s  u n r e a l -  
i s t i c  fo r  x /dy  < 6. 
Only Eq. (11) considers the degree of underexpansion as w e l l  as 
q . /qa .  Of t h e   f o u r   c o r r e l a t i o n s  i t  appears t o   d e s c r i b e   b e s t   t h e   l o c a t i o n  
o$ t h e  maximum concent ra t ion   t ra jec tory .   Fur thermore ,   because   the   s t ruc-  
t u r e  of the  emergent j e t  i s  cons ide red ,  i t  i s  the  most r e a l i s t i c .  
The loca t ion  o f  t he  j e t  boundary  o r  maximum p e n e t r a t i o n  i s  p a r t l y  
a matte;  of d e f i n i t i o n .  Vranos  and Nolan' def ined   the   j e t   boundary  as 
the  y/di; va lue  a t  which the mole f r a c t i o n  o f  t h e  i n j e c t a n t  i s  0.005, and 
they   u sed   t h i s   de f in i t i on   i n   t he   geve lopmen t  of E q .  (18) .   Another   def i -  
n i t i o n  o f  the boundary i s  the  y /d j  va lue  a t  which the mole fraction has 
f a l l e n  t o  10-20% of the peak value a t  t h e  same x/d; i n  the  p l ane  of t he  
j e t  c e n t e r l i n e .  The l a t t e r  d e f i n i t i o n  was more convenient   for   determining 
t h e  j e t  boundary from the experimental  concentrat ion curves in  the present  
work (Fig.   8-10) .   Compatibi l i ty   between  the two d e f i n i t i o n s  i s  shown  by 
the  agreement  between  the j e t  boundary as c a l c u l a t e d  w i t h  Eq. (18)  and 
the  experimental   values   based on t h e  l a t t e r  c r i t e r i o n  f o r  H i n j e c t i o n  
i n t o  a Mach 2.72 airstream (Fig.  17) .  2 
Since the foregoing comparisons have been concerned with the 
re la t ive  1oca tLons  of  the  maximum concen t r a t ion  (y /d j )  and  the  ou te r  
j e t  boundary ( y / d j ) ,  i t  i s  now impor tan t  to  examine  the  e f fec t  of 
q .  / qa and the degree of underexpansion on t h e  a b s o l u t e  p e n e t r a t i o n .  
T i e  impor tance  of  eva lua t ing  in jec tors  on t h i s  b a s i s  i s  t h a t  when the  
mass f low o f  t he  in j ec to r  i s  s p e c i f i e d ,  as by a r e q u i r e d  f u e l  e q u i v -  
a l e n c e  r a t i o  f o r  e x a m p l e ,  t h e  b e t t e r  i n j e c t o r  w i l l  be the one t h a t  g i v e s  
t h e  g r e a t e s t  f u e l  p e n e t r a t i o n .  As shown i n  Table 1 t h e  e f f e c t  of  under- 
expans ion ,  o r  i nc reased  in j ec t an t  pressure, on t h e  a b s o l u t e  p e n e t r a t i o n  
i s  small. When t h e  i n j e c t i o n  p r e s s u r e  i s  inc reased  by a f a c t o r  of  2.73 
r e l a t ive  to  the  ma tched-p res su re  case ,  t he  inc rease  in  abso lu t e  pene -  
t r a t i o n  b a s e d  on maximum concen t r a t ion   (y )  i s  only 7 or  8%. This  small 
i n c r e a s e  i n  t h e  a b s o l u t e  p e n e t r a t i o n  o f  t h e  maximum c o n c e n t r a t i o n  i s  
due to  the unsymmetr ical  mixing of  the injectant  and the freestream 
which  occurs  c loser  to  the  in jec tor  for  h igher  degrees  of  underexpans ion .  
For f u e l  i n j e c t o r s  t h i s  phenomenon may indeed be bene f i c i a l ,  because  
t h e  f u e l  would be coming i n t o  more i n t i m a t e  c o n t a c t  w i t h  t h e  a i r ,  
r e s u l t i n g  i n  more r a p i d   i g n i t i o n .   S i n c e   t h i s  i s  due t o   c o - c u r r e n t  
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Table 1 
Effect of Injection  Pressure  on  Absolute 
Penetration  Measured at x = 1.0 In. 
0.75 0.204 4.90 0.286 0.530 
1.48 0.144 6.94 0.288 0.518 
2.73 0.112 8.92 0.308 0.588 
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mixing, a q u a n t i t a t i v e  e v a l u a t i o n  o f  t h i s  e f f e c t  i s  beyond the scope of 
t h i s  work.  Comparison  of  the  outer j e t   b o u n d a r i e s  ( 7 )  i n  Table 1 
shows a 10% i n c r e a s e  i n  p e n e t r a t i o n  f o r  P j / P b  = 2.73. F o r  e i t h e r  y 
or  7 , an  inc rease  in  P j /Pb  f rom 0 .75  to  1.48 had  no  apprec iab le  e f f ec t .  
The general  conclusion from Table  1 i s  t h a t  p l a c i n g  a l a r g e  demand on 
a f u e l  p r e s s u r i z a t i o n  o r  pumping s y s t e m  t o  i n c r e a s e  f u e l  p r e s s u r e  f o r  
s o n i c  i n j e c t i o n  w i l l  have only a small payoff.  
SUPERSONIC I N J E C T I O N  
One clear r e s u l t  o f  t h e  a n a l y t i c a l  a n d  e x p e r i m e n t a l  s t u d i e s  
presented  here  and  a l so  f rom previous ly  repor ted  exper imenta l  s tud ies  
i s  the  obvious  importance  of   q . /qa  on  penetrat ion.   Al though  increasing 
P t j  i n c r e a s e s  t h i s  r a t i o ,  t h e  e f f e c t s  are not   l a rge   for   P t   be low  the  
pressure  match  and are q u i t e  small for   underexpanded  injec4ion.   Accept ing 
t h e  r e s u l t  t h a t  P j  s h o u l d  be the matched pressure s o  t h a t  a r e l a t i v e l y  
shock- f r ee  j e t  f l ow occur s ,  t hen  i t  i s  i n s t r u c t i v e  t o  e x p l o r e  a n o t h e r  
p o s s i b i l i t y  f o r  i n c r e a s i n g  q . / q a  a n d  h e n c e  p e n e t r a t i o n ,  v i z . ,  v a r y i n g  
Mj. Since q = p @ / 2 ,  i n c r e a s i n g  M j  h a s   t h e   d e s i r e d   e f f e c t  of i n c r e a s i n g  
q j   f o r   t h e  same s t a t i c   p r e s s u r e   l e v e l .  
J 
J 
Equat ion (11) can be p r e s e n t e d  i n  t h e  same form as Eqs. (15) - (17) 
as shown below: 
Cons ider  the  pene t ra t ion  of a g iven  amount  of f l u i d  p e r  u n i t  t i m e  by nor-  
m a l ,  s o n i c  i n j e c t i o n  i n t o  a supersonic  airstream. One can write 
= p .  u .  " / 2  = "uj /2AJ.  Take as the   s tandard   for   compar ison  a case  
:Jth  P J =  6b. A s  oppose t o   t h i s ,   t a k e  a supersonic   case,   denoted by 
s u b s c r l p t  s ,  w i th   an   i n j ecL ion   p re s su re  P j  = Pb. Now using  Eq.   (19) ,  
y s /y ,  a t  a g iven  d i s t ance  5? downst ream of  the  in jec t ion  s ta t ion ,  can  be 
determined as 
j 
With 7 = ?  and q = t h i s  becomes 
S a qas  , 
* 
3s J 
0 . 6  0.4 
;'c 
Y s / Y  = ( d .  I d . )  ( q j s / q j )  
We can now assess the magnitude of any advantage to be gained. 
F i r s t  , however , we must determine d . (M .) f o r  a cons t an t  
f i x e d  P . Using J .  J 
j 
-5/ 2 1 p = p ? ( l  + M2/5)- a = a?(l + M"/5)8 
J J 
mass flow and 
(21) 
i t  can be  shown t h a t  
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A S I A  = 5 M * 0.5  -1 
where E 1 .2 / (1  + 0.2$) .   Taking  sonic   inject ion as t h e   s t a n d a r d  case 
g i v i n g  f i n a  1 l y  
Y s / Y  = - 15M0. 5 
F igu re  17  shows t h a t  e x p e r i m e n t a l  v a l u e s  o f  y s / y ,  t h e  r a t i o  o f  t h e  p e a k  
concen t r a t ion  f rom supe r son ic  in j ec t ion  to  tha t  fo r  ma tched-p res su re  son ic  
i n j e c t i o n ,  are i n  good  ag reemen t  wi th  the  theo re t i ca l  e f f ec t  p red ic t ed  
f o r  t h e  p a r t i c u l a r  case of  matching  of mass flow  and s t a t i c  pressure  a t  
t h e   i n j e c t o r   e x i t .   F o r  M = 1 . 6 7 ,   t h e   i n c r e a s e   i n   p e n e t r a t i o n  i s  25% 
(ys/y = 1 .25) .   S ince   an   Inc rease  M j s  f o r  a matched-pressure j e t  must  be 
pa id  fo r  by i n c r e a s i n g  P t j  a n d  s i n c e ,  as ear l ie r  s t a t e d ,  a more a p p r o p r i a t e  
matching parameter o f   t r ansve r se   supe r son ic  streams i s  t h e  s t a t i c  p res su re  
beh ind  s t rong  d i s tu rbances  in  bo th  streams, a comparison of  the penetrat ion 
of   supersonic   and   sonic  j e t s  wi th   equa l   P t .   and  h. was made (Fig.   18) .   With 
t h e s e  r e s t r i c t i o n s  on t h e  t h e o r e t i c a l  r e l a $ i o n s h i p ,  t h e o r e t i c a l  p e n e t r a t i o n  
gain  peaks a t  M = (5)2 .   Unfor tuna te ly ,   the   da ta  scat ter  f o r   t h i s   p l o t  i s  
l a r g e ,  a n d  t h e  v a r i a t i o n s  i n  m e a s u r e d  p e n e t r a t i o n  r a t i o s  a t  d i f f e r e n t  down- 
stream l o c a t i o n s  show no d i s c e r n i b l e  p a t t e r n ,  s o  t h a t  f u r t h e r  e x p e r i m e n t a t i o n  
i s  needed t o  v e r i f y  t h e  t h e o r y .  However,  Figs.  17  and 18 do  show a g a i n  i n  
p e n e t r a t i o n  w i t h  s u p e r s o n i c  i n j e c t i o n .  
j s  
J 
1 
j 
INTERACTION SHOCK SHAPE  FOR  TRANSVERSE INJECTION 
The e f f e c t s  o f  i n j e c t o r  s h a p e  on j e t  p e n e t r a t i o n  were f u r t h e r  e x -  
p lored  by s tudying  the  in te rac t ion  shock  shapes  produced  by je t s  from d i f f -  
e r e n t l y  s h a p e d  o r i f i c e s .  P r e v i o u s  a t tempts  by o t h e r s  (e .g .  , Refs.  26 
th rough  28)  to  p red ic t  t he  shape  of the interact ion shock accompanying 
t r a n s v e r s e  i n j e c t i o n  a c r o s s  a uni form supersonic  stream have been based 
on the concept  of  some "equiva len t  so l id  body, ' '  us ing  resu l t s  for  shock  
shapes p a s t  b lunt   bodies .   References  26 through 28 used  the  well-known 
blast-wave  theory.  The blast-wave  theory i s  s i m p l e  and   convenient   o  
app ly ,  bu t  su f f e r s  f rom the  d i sadvan tages  tha t  i t  cannot  p r e d i c t  the   shock  
s tand-of f  d i s tance  and  does  not ,  in  genera l ,  p rovide  very  good estimates 
of  shock  shapes past s o l i d   b o d i e s .   R e c e n t l y ,   v e r y  s i m p l e  e x p r e s s i o n s   f o r  
shock shape and s tand-off  dis tance for  blunt  bodies  have been shown t o  
p rov ide  exce l l en t  p red ic t ions  o f  bo th  quan t i t i e s  (Ref .  29 ) .  
The concept  of  an  "equiva len t  so l id  body" i s  used  in  con junc t ion  
wi th  s i m p l e  exp res s ions  fo r  t he  shock  shape  a round  b lun t  so l id  bod ies  
to  predict   shock  shapes  produced by t r a n s v e r s e  i n j e c t i o n  i n t o  a supe r -  
s o n i c  stream. To apply  the  shock  shape  expression  (Ref .  29) i t  i s  
necessary  to  de te rmine  some e q u i v a l e n t  f o r  t h e  s o l i d  body nose  rad ius  
i n  t h e  t r a n s v e r s e  j e t  case. The  one l eng th  scale t h a t  i s  d i r e c t l y  known 
~~ 
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i s  t h e   r a d i u s   o f   t h e   i n j e c t i o n   p o r t .  The i n j e c t i o n  p o r t  r a d i u s  by i t s e l f  
i s  not,   however,  a s u i t a b l e  c h o i c e  f o r  t h e  "body" nose  rad ius  as i t  does 
no t   measu re   t he   s i ze   o f   t he   obs t ruc t ion   p re sen ted   t o   t he   ma in   f l ow.  One 
can  s imply  employ  the  equiva len t  nose  rad ius  g iven  by t h e  b l a s t  wave 
with  the  shock  shape  formula of  Ref.  29. An a l t e r n a t i v e   a p p r o a c h   c a n  be 
developed  based on the work  of  Refs.  (12) , (21)  and  (30) .   Here  the  height  
of  the Mach d i s k ,  h ,  c a n  be chosen as a measure of the obstruction and 
used as the "body" r a d i u s .  From t h e   r e s u l t s  of t h e   c i t e d   r e f e r e n c e s ,  a 
s imple   formula   for   th i s   he ight  may be w r i t t e n  f o r  c a s e s  w i t h  y = 1.4:  
j 
(26) 
where K = 1.0 f o r  M = 1.0.  Both possible  choices  (Eq.  (25)  and  Eq.  (26)) 
w i l l  be  t e s t e d  by comparison with experiment.  j 
Wi th   these   resu l t s ,   the   formula   o f   Ref .  29 a p p l i e d  t o  t h e  p r e s e n t  
problem can be w r i t t e n :  
where A/R i s  the   nondimens iona l   s tand-of f   d i s tance   g iven  as 
I3 
A / R  = 0.143 exp [ 3 .  24/Ma2 1 , (28) 
B 
and R / R B  i s  the  nondimensional   radius   of   curvature   of   the   shock a t  the  nose 
R / R B  = 1.143  exp [0.54/(Ma-l)1.2]  (29
Observat ions of schl ieren  photographs  (Ref .  6 and  Fig.   12)  of  trans- 
v e r s e  j e t  i n j e c t i o n  show t h a t  t h e  i n t e r a c t i o n  s h o c k  h a s  a n  i n f l e c t i o n  p o i n t  
t h a t  i s  d isp laced   above   the   so l id   sur face .   This   can  be i n t e r p r e t e d  t o  mean 
tha t  the  nose  of t h e  " e q u i v a l e n t  s o l i d  body'' is  loca ted  above  the  sur face .  
A good p r e d i c t i o n  of t h i s  d i sp l acemen t  i s  necessary  to  provide  an  accura te  
p ic ture   o f   the   shock   shape   in   the   near   f ie ld .  The d i sp laced   he igh t  of t h e  
i n f l e c t i o n  p o i n t  i s  denoted as 6 , and i t  h a s  b e e n  p o s s i b l e  t o  c o r r e l a t e  t h i s  
h e i g h t ,  when nondimensional ized,  with the non-dimensional  equivalent  body 
r a d i u s ,  i . e .  B / r j  vs .  Rg */r j  , as can be s e e n  i n  F i g .  1 9 .  
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The p r e d i c t i o n s  of th i s  ana lys i s  have  been  compared  to  expe r imen ta l  
r e s u l t s  f o r  t h e  f o l l o w i n g  t h r e e  cases shown i n  F i g s .  20 through  22, respec- 
t i v e l y :  (a) s o n i c  air i n j e c t i o n  t h r o u g h  a r o u n d  h o l e  i n t o  a Mach 2 .1  a i r  
stream; (b )  son ic  Hz i n j e c t i o n  t h r o u g h  a round  ho le  in to  a Mach 2.7 a i r  
stream; and (c) s o n i c  a i r  i n j e c t i o n  w i t h  a 4  by 1 s l o t  a l i g n e d  w i t h  a n d  
a c r o s s  a Mach 2 .1  a i r  stream. Agreement i s  reasonably  good i n  a l l  cases, 
w i t h  t h e  "body" r a d i u s  of Eq.  (26)  providing a b e t t e r  p r e d i c t i o n ,  e s p e c i a l l y  
fo r   t he   hydrogen   i n j ec t ion  case. A r e s u l t  o f  s i g n i f i c a n t  practical  importance 
emerges  from t h i s   s t u d y .  The a n a l y s i s   p r e d i c t s   t h a t   t h e   s h o c k   s h a p e  i s  no t  
a f u n c t i o n  o f  i n j e c t o r  p o r t  s h a p e ;  t h i s  is  confirmed by experiment as seen  
i n   F i g .  22. I t  i s  impor tan t   o   no te ,   however ,   tha t   he   exper iments   permi t ted  
on ly   t he   p l an fo rm  o f   t he   i n t e rac t ion   shock   t o  be determined. Some d i f f e r e n c e  
i n  shock  shape i n  p l a n e s  o t h e r  t h a n  t h a t  i n c l u d i n g  t h e  j e t  t r a j ec to ry  migh t  
e x i s t ,  b u t  would   go   undetec ted   here .   Never the less ,   the   fac t   tha t   the   p lan-  
form  of  the  shock  shape i s  i n s e n s i t i v e  t o  i n j e c t o r  p o r t  s h a p e  i s  s i g n i f i c a n t  
and  adds  fu r the r  ev idence  to  the  conc lus ion  tha t  j e t  p e n e t r a t i o n  i s  only 
weakly dependent  on injector  shape.  
APPLICATION TO SCRAEZTET  DESIGN 
A t  t h i s  p o i n t ,  i t  i s  informat ive  to  s tudy  the  des ign  problem of  
f u e l  i n j e c t i o n  i n  t h e  c o m b u s t i o n  chamber  of a hypersonic  ramjet. Take a 
t y p i c a l  c a s e  as a qo3 = 5000 p s i  t r a j e c t o r y  w i t h  a veloci ty  decrement  f rom 
f r ees t r eam to  combus to r  i n l e t  o f  1500 f p s  a n d  a n  i n l e t  k i n e t i c  e n e r g y  e f f i -  
c iency  of  97%. Consider  gaseous  hydrogen  with a to t a l   t empera tu re  of 294OK 
as t h e   f u e l ,   a n d   t a k e   s t o i c h i o m e t r i c   p r o p o r t i o n s   o f   f u e l   a n d  a i r .  Let us 
i n v e s t i g a t e  a f l i g h t  Mach number of  6 .0 .  For  this  case , a n  qKE = 0.97  t rans  
lates t o  a to t a l   p re s su re   r ecove ry   o f  51%. The 1500-fps   veloci ty   decrement  
g i v e s  a combustor Mach number  of 2 . 2 ,  a n d  t h i s  r e s u l t s  i n  a combustor stag- 
n a t i o n  pressure of  1107 p s i a ,  a s t a t i c  p r e s s u r e  of  104 p s i a ,  qa = 351 p s i ,  
and  (Pta ' )  = 695 psia. E s t i m a t i n g   t h a t  "matched" p r e s s u r e   i n j e c t i o n  w i l l  
o c c u r ,   f o r   s o n i c   i n j e c t i o n ,  a t  P j  = 2 ( P t a 1 )   g i v e s   P .  = 464 p s i a ,  and 
q i  = (y/2)  (1) (464) = 325 p s i .  Thus, q j  / q, = 325j351 = 0.925. 
2 
For a circular combustion chamber of diameter D ( f t ) ,  t h e  air  mass 
flow i s  595   lb / sec .   For   s to ich iometr ic   hydrogen   in  a i r  (0.0292  lb   H2/lb 
a i r )  and TI round  in jec t ion   ho les   o f   d iameter  d t h e r e   r e s u l t s  
j y  
or  dj/D = 0.062  for  = 10. If we  now s e l e c t  some a x i a l   d i s t a n c e  downstream 
f r o m  t h e  i n j e c t i o n  s t a t i o n ,  t h e  f u e l  p e n e t r a t i o n  c a n  be d i sp layed  on a c r o s s -  
s e c t i o n  of the  combust ion  chamber .   Not ing  that   for   qj /qa X 1, as i n  t h i s  
case, t h e  t o t a l  f u e l  p e n e t r a t i o n  i s  a c h i e v e d  i n  a short  dis tance downstream 
(see Fig.  8 ) ,  we s e l e c t  x = 4 d j  as t h e  a x i a l  s t a t i o n  f o r  d i s p l a y  ( o p e n  
c i r c l e s   i n   F i g .   2 3 a ) .  (No a t t e m p t  t o  show t h e  d i s t o r t i o n  of   the j e t  c r o s s  
section  has  been  made.)  The s t r i k i n g  r e s u l t  i s  t h a t  r a t h e r  poor  coverage 
o f  t h e  a i r  f low in the combustor  has  been achieved,  and a low combustion 
e f f i c i e n c y  would s u r e l y   r e s u l t .   T h e r e f o r e ,  one l o o k s   t o  see how t h i s  
s i t u a t i o n  c a n  be improved.   Since  the  penetrat ion i s  a func t ion   of   the  
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Fig. 22 SHOCK  SHAPES  FOR VARIOUS SHAPES OF INJECTION PORT 
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i n i t i a l  h o l e  s i z e  and  the  ho le  s i ze  varies w i t h  t h e  number  of i n j e c t o r s ,  
i t  would seem p r o f i t a b l e  t o  r e d u c e  t h e  number  of i n j e c t o r s .  The r e s u l t s  
achieved by reducing  the  number o f  i n j ec to r s  f rom 10 t o  4 a r e  shown as 
open c i rc les  i n  F i g .  23b .   Indeed ,   the   fue l   does   pene t ra te  somewhat f a r t h e r  
i n t o  t h e  a i r  s t ream; however ,  larger  a i r  gaps are  l e f t  a round the  per iphery ,  
and  one  could  say  tha t  the  coverage  of t h e  a i r  stream i s ,  i f  a n y t h i n g ,  
p o o r e r  i n  t h i s  case than  wi th  the  10 -ho le  in j ec to r .  
It i s  i n s t r u c t i v e  t o  c o n s i d e r  b r i e f l y  t h e  e f f e c t  of the choice of 
f u e l  on th i s  ques t ion .  Cons ide r  p ropane  (C Hg),  which  has a molecular  
weight of 44, a r a t i o  of s p e c i f i c  h e a t s  o f  4 . 16 ,  and  s to i ch iomet r i c  fue l -  
a i r  r a t i o  of 0.064. The ca l cu la t ed  d j /D  i s  0.044 f o r  10 ho le s  and  s to i ch io -  
me t r i c   i n j ec t ion .   Fu r the rmore ,   t he  momentum r a t i o  w i l l  b e  l e s s  t h a n  f o r  
hydrogen   i n j ec t ion .   Thus ,   s ince   t he   i n i t i a l   d i ame te r   and   t he  momentum 
ra t io  a re  bo th  r educed ,  t he  pene t r a t ion  pa t t e rn  fo r  p ropane  would  be 
d i s t inc t ly  worse  than  tha t  fo r  hydrogen .  The low d e n s i t y  of  hydrogen i s ,  
t h e r e f o r e ,  a r e a l  a d v a n t a g e  w i t h  r e g a r d  t o  p e n e t r a t i o n ,  s i n c e  i t  keeps 
t h e  i n i t i a l  j e t  d i a m e t e r  l a r g e .  
Returning now t o  hydrogen  and  not ing  the  resu l t s  of  Table  1, i t  
can  be  seen  tha t  some advantage can be gained by over-pressuring the je t .  
It does  not ,  however ,  appear  prof i tab le  to  cons ider  a p r e s s u r e  r a t i o  
g rea t e r  t han  2 .0 ,  s ince  the  ga in  in  pene t r a t ion  d imin i shes  r ap id ly ,  and 
P t j   a t   an   ove rp res su re   o f   2 .0  i s  a l ready   1758  ps ia .  The p e n e t r a t i o n  
p a t t e r n  o b t a i n e d  i n  t h i s  way i s  shown a s  s o l i d  c i r c l e s  i n  F i g s .  23a  and 
23b.  Although t h i s  i s  cer ta in ly   an   improvement ,   the   10-hole   in jec tor  i s  
s t i l l  s u p e r i o r ,  and t h e   p a t t e r n  s t i l l  leaves much t o   b e   d e s i r e d .  We saw 
i n  F i g s .  18a  and  18b t h a t  some ga in  in  pene t r a t ion  cou ld  be  ob ta ined  by 
supe r son ic   i n j ec t ion   bu t   even   t hese   ga ins  are n o t   t o o   s i g n i f i c a n t .   F o r  
example, i f  P j s  = Pj  = 464 psia and rijs = hj b u t  Mj i s  i n c r e a s e d  t o  2 ,  
t h e  p e n e t r a t i o n  would i n c r e a s e  by about 30% (F ig .  18a ) ,  bu t  t he  r equ i r ed  
P t j s  would increase  f rom 878 ps ia  to  3630 ps ia .  On t h e  o t h e r  h a n d  i f  we 
put   the  more r easonab le  cons t r a in t  o f  P t j s  = P t j  = 878 p s i a  w i t h  ri-~ = rij 
and l e t  M j  = 2 then   the   increase  i s  bu t  15% (Fig .   18b) .   Another   fac tor  
that   could  have some e f f e c t  on t h e  f u e l - a i r  c o n t a c t  i s  t h e  r a t i o  of d /d 
For  pjs  = p .  t h i s  r a t i o  d e c r e a s e s  w i t h  i n c r e a s i n g  M j  and i s  e q u a l  t o  
j s  j .  
0.639 a t  M j J =  2 which  probably i s  de t r imen ta l  t o  mix ing .  On t h e  o t h e r  hand 
for   p tmS = P t j  t h e  r a t i o  d j s / d j  i n c r e a s e s  w i t h  i n c r e a s i n g  M and i s  equal  
t o  1.3d a t  M j  = 2. 
j s  
j 
One means  of improv ing  the  ove r -a l l  pene t r a t ion  pa t t e rn  i s  t o  a l t e r  
the  shape  of  the  combustion  chamber  i tself .   Figure 23c  shows a n  e l l i p t i c a l  
(3 : l )   c ros s   s ec t ion   o f   t he  same a r e a  as t h e   c i r c u l a r   c r o s s   s e c t i o n .  Only 
the   po in t s   co r re spond ing   t o   an   ove rp res su red   j e t   a r e  shown. C l e a r l y ,  a 
much b e t t e r  f u e l  d i s t r i b u t i o n  i s  o b t a i n e d  i n  t h i s  way.  (One disadvantage 
of t h i s  change  i s  a 23% i n c r e a s e  i n  t h e  s u r f a c e  a r e a  of  the  combustor  and 
t h u s  a n  i n c r e a s e  i n  h e a t  t r a n s f e r  and s k i n - f r i c t i o n  d r a g . )  
Now l e t  u s  look a t  f l i g h t  Mach number  of 10 on t h e  t r a j e c t o r y  
descr ibed  previously.   Here Tk = 97% g ives  a pressure  recovery  of  19%. 
We f u r t h e r  g e t  Ma = 3.9  and  qjgqa = 0.67.   Matched  pressure  inject ion 
g i v e s   P t j  = 750 ps i a .   Fo r   s to i ch iomet r i c   p ropor t ions ,  10 h o l e s   r e q u i r e  
d./D = 0.042. I f  we e n v i s i o n  t h e  same combustor   operat ing a t  bo th  the  
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Mach 6 and Mach 10 f l i g h t  c o n d i t i o n s ,  t h e n  o n e . c o u l d  u s e  o n l y  f ive of  the  
h o l e s  a t  Mach 10. S ince   the   d iameter  i s  t h e n  t h e  same and  q j /qa  i s  ve ry  
n e a r l y  t h e  same f o r  t h e  Mach 10 case, the  pene t r a t ion  pa t t e rn  wou ld  be as 
shown i n  Fig. 23a o r  23c us ing  ha l f  o f  t he  ho le s .  
Conclusions 
From the  expe r imen ta l  s tud ie s  i t  can  be concluded that ,  as assumed 
i n  t h e  t r a j e c t o r y  a n a l y s i s ,  t h e  downstream region where the injectan1 
behaves as a d i s c r e t e  j e t  wi th  negl ig ib le  mixing  i s  q u i t e  s h o r t  ( x / d j  < 10). 
To d e s c r i b e  a c c u r a t e l y  t h e  j e t  behavior  of  the injectant  far ther  downstream, 
coaxia l   mix ing   mus t   be   t aken   in to   account .  
The use of a "so l id-body"  drag  model  to  descr ibe  the  pene t ra t ion  
of a f lu id  j e t  has  been  r e -examined  and  ex tended  to  inc lude  the  case  o f  a 
s u p e r s o n i c  e x t e r n a l  stream. A s i m p l e  a n a l y s i s  was developed  which  relaxed 
most  of  the  assumptions common to  previous  work. The most  important s t e p  
was the  removal  of  the  restrictive  assumption  that   the  normal  component  of 
t h e  j e t  momentum i s  conserved.   With  this   res t r ic t ion  removed,   good  agree-  
ment between the theory and experimental  data was ob ta ined  us ing  loca l  
va lues   o f   t he   d rag   coe f f i c i en t   fo r   an   i nc l ined   cy l inde r .   Fo r   unde rexpanded  
j e t s  exhaus t ing  in to  the  ma ins t r eam,  the  shock  s t ruc tu re  caused  by under- 
expans ion  in  the  j e t  i t s e l f  i s  the  predominant   factor   governing  penetra-  
t i o n .   I n t r o d u c t i o n  of an   "e f fec t ive   back   pressure"   enabled   the   deve lop-  
ment  of a Mach d i sk  co r re l a t ion  ana logous  to  the  we l l -documen ted  bu t  much 
s i m p l e r  case of underexpanded j e t s  exhaus t ing  in to  a quiescent  a tmosphere.  
With t h i s  c o r r e l a t i o n  t h e  c o n d i t i o n s  o f  t h e  j e t  j u s t  downstream  of  the Mach 
d i sk  can  be approx ima ted  and  the  r e su l t i ng  t r a j ec to r i e s ,  wh ich  ag reed  c lose ly  
w i t h  e x p e r i m e n t a l  r e s u l t s ,  are c a l c u l a t e d .  
S e v e r a l  s e m i e m p i r i c a l  p e n e t r a t i o n  a n d  t r a j e c t o r y  c o r r e l a t i o n s  were 
compared wi th   t he   expe r imen ta l   r e su l t s   ob ta ined   he re in .  They  were  based  on 
other  measurements  taken  far  downstream (10 < x/d,  < 7 0 ) .  The t r a j e c t o r y  
ca l cu la t ion  deve loped  he re in  bes t  desc r ibed  the  loca t ion  of  t h e  j e t  t r a j e c -  
to ry .   Wi th   respec t   to   the   ou ter   boundary   o f   the   fue l  j e t ,  t h e  c o r r e l a t i o n  
by Vranos and Nolan agrees well with the near downstream data from the  
p re sen t  s tud ie s .  
Whi le   the   nondimens iona l ized   pene t ra t ion   (y /d j )   for   sonic   in jec t ion  
i s  governed by t h e  d e g r e e  o f  u n d e r e x p a n s i o n  a n d  t h e  i n i t i a l  r a t i o  o f  j e t - t o -  
f r ees t r eam momentum, v a r i a t i o n  i n  t h e  a b s o l u t e  p e n e t r a t i o n  due to  underexpansion 
i s  small i f  j e t s  wi th  equa l  mass flow are compared. The a n a l y t i c a l  a n a l y s i s  
i n d i c a t e d  t h a t  r e s u l t  a n d  t h e  e x p e r i m e n t a l l y  m e a s u r e d  c o n c e n t r a t i o n  c e n t e r l i n e  
p ro f i l e s   and   c ros sec t iona l   con tour s   ve r i f i ed   t he   conc lus ion .   In   f ac t ,  due t o  
the  losses  involved  as the  underexpanded j e t  crossed  the  normal  shock (Mach 
d i s k ) ,  t h e  a b s o l u t e  p e n e t r a t i o n  f o r  a j e t  wi th  the  underexpans ion  ra t io  of  
1.48 was n o t  a p p r e c i a b l y  d i f f e r e n t  ( p o s s i b l y  e v e n  s l i g h t l y  l e s s )  t h a n  t h a t  
o f  a j e t  whose in j ec t ion  p res su re  ma tched  the  e f f ec t ive  back  p res su re  o f  
the   supersonic   f rees t ream.  A f u r t h e r  i n c r e a s e  t o  a 2 .73   f ac to r  on  under- 
expansion  caused  only  an 8-10% g a i n  i n  p e n e t r a t i o n .  T h u s ,  l i t t l e  i s  t o  be 
gained by inc reas ing  the  in j ec t ion  p res su re  above  the  l eve l  of t h e  e f f e c t i v e  
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back  pressure.   Penetrat ion.   can  be  increased by g o i n g  t o  s u p e r s o n i c  i n j e c -  
t i o n .  A t h e o r e t i c a l  compari.son  of  penetration  from a supersonic  j e t  and 
a s o n i c  j e t  of the same t o t a l  i n ' e c t a n t  p r e s s u r e  a n d  mass flow  showed a 
maximum p e n e t r a t i o n  a t  M j  = (5)1j2.  The experimental ly   measured  penetra-  
t i o n  a t  M j  = 1.67 was g r e a t e r '  t h a n  t h a t  f o r  M ' =  1.50 and i n  b o t h  cases it 
was 10 t o  15% b e t t e r  t h a n  t h a t  f o r  s o n i c  i n j e c t i o n .  However, t h e  scatter 
of  the experimental  points  on this  plot  was l a r g e ,  a n d  a d d i t i o n a l  e x p e r i -  
mentat ion a t  h ighe r  va lues  of M mus t  be ,  pe r fo rmed  to  ve r i fy  tha t  i nc reas -  
i ng  M beyond ( 5 ) l / 2  does  not   improve  penetrat ion.  
j 
j 
j 
Absolu te  pene t ra t ion  i s  a t  bes t  on ly  weakly  e f fec ted  by i n j e c t o r  
ho le  s h a p e .  The momentum loss i n c u r r e d  by an  underexpanded  injectant  as 
i t  c r o s s e s  t h e  Mach d i s k  p r a c t i c a l l y  c a n c e l s  a n y  p e n e t r a t i o n  d i f f e r e n c e s  
caused by in j ec to r   shape .   Loca l   concen t r a t ion   d i f f e rences   occu r   bu t   t hese  
have l i t t l e  e f f e c t  on the  addi t iona l  downst ream penet ra t ion  of  the  j e t  as 
a whole. 
The secondary  e f f ec t s  of i n j ec to r  shape  on p e n e t r a t i o n  were f u r t h e r  
emphasized by the development  of  an expression for  the interact ion shock 
shape. The concept   of   an  "equivalent   sol id  body" w i t h  r a d i u s  e q u a l  t o  
t h e  Mach d isk  he ight  gave  good r e s u l t s  when used  in  con junc t ion  wi th  s i m p l e  
expressions  for   the  shock  shapes  around  blunt   bodies .  The agreement  between 
the calculated shock shapes and those from schlieren photographs of t h e  
in te rac t ion   shock   caused  by t r a n s v e r s e  i n j e c t i o n  w a s  e x c e l l e n t .  F i n a l l y ,  
t he  ana lys i s  has  been  app l i ed  to  the  ques t ion  o f  t he  des ign  of a f u e l  i n j e c -  
t i on  sys t em fo r  a supersonic  combustion  ramjet.  Low q j / q a  v a l u e s  are gen- 
e r a l l y  t o  be expec ted   for  real  f l i g h t  cases. Under these   c i rcumstances ,  
some underexpansion of  t h e  f u e l  j e t s  i s  d e s i r a b l e ,  b u t  i t  was shown t h a t  
t he  a t t a inmen t  of a roughly uniform fuel  a i r  r a t io  th roughou t  t he  c ros s  
s e c t i o n  of a c i r c u l a r  d u c t  by f u e l  j e t  p e n e t r a t i o n  i s  u n l i k e l y .  
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